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FIG. 7: Estimated posterior distribution of the parameters
θ = (n, h, σ8, ΩCDM, Ωb). The diagonal shows the estimated
marginal posterior pdf for each parameter; the off-diagonal
images give estimates of bivariate marginals; the contour lines
show estimated 90% hpd regions. The true values from which
the data were generated are shown by the red dots.

the posterior distribution has the form
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where C denotes the constraint region for θ, which is typ-
ically a pθ-dimensional rectangle. In other applications C
can also incorporate constraints between the components
of θ.

Realizations from the posterior distribution are pro-
duced using standard, single site MCMC. Metropolis up-
dates [54] are used for the components of ρw and θ with
a uniform proposal distribution centered at the current
value of the parameter. The precision parameters λη, λw

and λy are sampled using Hastings updates [55]. Here
the proposals are uniform draws, centered at the current
parameter values, with a width that is proportional to
the current parameter value. In a given application the
candidate proposal width can be tuned for optimal per-
formance.

The resulting posterior distribution estimate for θ is
shown in Fig. 7 on the original scale. It nicely brackets
the true values of θ = (0.99, 0.71, 0.84, 0.27, 0.044) from
which the synthetic data were generated.

III. COMBINED CMB AND LARGE SCALE
STRUCTURE ANALYSIS

So far our analysis has focused on a single observational
data set, but cosmological parameter estimation requires
combining a number of different observational datasets
with their (separate) associated modeling methodologies.
We now consider a simple example of this, the joint anal-
ysis of CMB temperature anisotropy data and the mass
power spectrum as sampled by large-scale structure sur-
veys.

The power spectrum of the CMB anistropy as a func-
tion of angular scale or multipole moment l has signifi-
cantly more structure than the matter power spectrum
and therefore presents a more challenging test for our
framework. In this section we extend our synthetic data
set to include these measurements. We restrict our anal-
ysis to the six-dimensional “vanilla” ΛCDM model de-
scribed by

θ = (n, h, σ8, ΩCDM, Ωb, τ). (32)

Different groups analyzing different data sets, e.g.
Refs. [7, 10], found that the model specified by these six
parameters consistently fits all currently available data.
Our synthetic data set mimics data from WMAP-III [7]
and the galaxy mass power spectrum from the SDSS [37].
For the synthetic dataset, we choose the same cosmology
as given in Eqn. (6) and in addition the optical depth:

τ = 0.09. (33)

We allow τ to vary between 0 and 0.3 in our analysis
below. The analysis of the CMB data was carried out
using the CAMB [18] code throughout. We have care-
fully checked that the transfer functions generated with
CMBFAST for the N -body simulations agree very accu-
rately with the CAMB transfer functions. Our synthetic
data set allows us to ignore real-world corrections such
as for the normalization from the Sunyaev-Zel’dovich ef-
fect due to hot gas in clusters. The WMAP-III analysis
showed that such considerations can become important
for precision measurements of cosmological parameters.

A. Constraints from the Cosmic Microwave
Background

Before we carry out a combined analysis of galaxy sur-
vey and CMB data, we investigate how well our frame-
work does in dealing with the CMB temperature angular
power spectrum (TT). We do not consider CMB polar-
ization here but there is no obstacle to including it in
future studies.

As done earlier for the matter power spectrum we gen-
erate a synthetic data set for the TT spectrum. For
the error bars we assume the same magnitude as in the
WMAP-III analysis. We first run CAMB at the parame-
ter settings specified in Eqns. (6) and (33) and then move
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Sample likelihood with MCMC



CHALLENGES
1. Expensive Model 
2. Heterogenous Data 
3.  Expressing Uncertainties: 
     — “systematic” model error (missing physics) 
     — competing models (jet physics) 
     — correlated errors (especially for theory) 
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Distilling Heterogenous Data

1.Experiments reduce PBs to 100s of  plots 

2.Choose which data to analyze 
Does physics factorize? 

3.Reduce each plot to a few values, ya 

(use principle components) 

4.Calculate global principal components, za 

5.Resolving power of  RHIC/LHC 
data reduced to ≲10 numbers!



model spectra from  
30 random points in 
parameter prior

74 pion spectra: 
 with 573<⟨pt⟩π< 575 MeV 

44 proton spectra: 
with 1150<⟨pt⟩p< 1152 MeV 

π,p spectral SHAPES
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Data Distillation



Correlated Uncertainties

1. Distill plots to small number of  principal components★ 
2. Implement error matrix 
3. “Nuisance” parameters

★applied here

dN

dp
=

dN (m)

dp
+ ↵e�p/�...
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Expensive Models

Gaussian Process Emulator

MCMC may need to repeat 
model millions of  times 
— intractable
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Models and Data Analysis Initiative
(active 2010-2017)
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Cyber-enabled Discovery
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Results & Interpretation

To address these issues:



Parametric Initial State & Viscous 
Hydro & Hadron Cascade 

14 Parameters (All for hydro)

• 5 for Initial Conditions at RHIC 
• 5 for Initial Conditions at LHC 
• 2 for Viscosity 
• 2 for Eq. of  State

RHIC Au+Au (100+100 GeV) 
LHC Pb+Pb 

30 Observables

•π,K,p Spectra 
⟨pt⟩, Yields 

•Interferometric Source Sizes 
•v2 Weighted by pt

RHIC/LHC Global Analysis
S.Pratt, E.Sangaline, P.Sorensen and H.Wang, PRL 114 (2015) 202301

Likelihood



Initial State Parameters 
(energy, WN vs. cgc, saturation, collective flow, SE tensor anisotropy)

5 parameters for RHIC, 5 for LHC

✏(⌧ = 0.8fm/c) = fwn✏wn + (1� fwn)✏cgc,

✏wn = ✏0TA
�nn
2�sat

{1� exp (��satTB)}+ (A $ B)

✏cgc = ✏0Tmin
�nn
�sat

{1� exp (��satTmax)}

Tmin ⌘ TATB

TA + TB
,

Tmax ⌘ TA + TB,

u? = ↵⌧
@T00

2T00

parameters : ✏0, fwn,�sat, Txx/P,↵Tzz = �P



Equation of  State and Viscosity

2 parameters for EoS, 2 for η/s

c2s(✏) = c2s(✏h)

+

✓
1

3
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◆
X0x+ x2

X0x+ x2 +X 02 ,

X0 = X 0Rcs(✏)
p
12,

x ⌘ ln ✏/✏h

⌘

s
=

⌘

s

���
T=165

+  ln(T/165)



14x14 
Posterior Likelihood 

S.P., E.Sangaline, P.Sorensen & H.Wang, PRL 2015
RHIC Au+Au and LHC Pb+Pb Data 
14 parameters, include Eq. of State



Sample 
Spectra from 
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Posterior
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Sample v2 from 
Prior and 
Posterior

v2, 20-30% cent

��

��

��

��

���

��� ��� ���

� �
���

�

���������	

���

�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

��� ��� ���

���

�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �
�

�

�

�

�

� � �

ALICE



Eq. of  State
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c2s(✏) = c2s(✏h)

+

✓
1

3
� c2s(✏h)

◆
X0x+ x2

X0x+ x2 +X 02 ,

X0 = X 0Rcs(✏)
p
12,

x ⌘ ln ✏/✏h



���

���

���

��� ��� ��� ���

� �
� �
��
��
��
��
	��
�

��
��
�

�
��
�

�������

�	
����
�
������	�����������������������������������	��� ��

!"�#"�����"���

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

� � � �

�

�

�

��� ��� ��� ��� ���

�#"�����"��
$%�����

����#"�&��

�����'�(��	��)�����$*
�����������	�
���	�
���������������

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �

�

�

�

� � � � �



�

�

�

� � �
�
��
���
��
	

	�
���


�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

� � �

�

�

�

���� ���� �

�
�������	
	����

���������	
�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

��
���� ���

�
��
�

� � �
���

	���

��
��
��
���
�
�
�

� � �
��


	��

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

��
���� ����

�
�

� � �
��


	��
� �
��
��	

�

�
�

� � �
���

���

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
��� ���

�
��
�

� � �
���

���

� �
��
���
�
�
�

� � �
���


�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
��� ����

�
�

� � �
���


�

�
�
���
	��
	
�

�
�

� � �
�

	

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
�
���	 ���

�
��
�

� � �
�

	

�
�
���
	��
��

�
�

� � �
�

	

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
�
���	 ����

�
�

� � �
�

	


� 


��
	
�

�
�

� � �
�

	

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
�


 ���

�
��
�

� � �
�

	


� 


��
��

�
�

� � �
�

	

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
�


 ����

�
�

� � �
�

	

� �
��	

�

�
�

� � �
���

	

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�� ���
�
��
�

� � �
���

	

� �
���
�
�
�

� � �
���

	

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�� ����
�
�

� � �
���

	

� �

� � �
����

���

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

�
�

� � �
����

���

��

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

��

� � �
�

�

��
��
��

� � �
���

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

� � �
�

�

������

� � �
���

�

��
��
��
���
���

��� 	���� 	���
������������

����

�

��
 	��� 	��
������������

�

�

��� ��� ���
����������

�

�

��� ��
 
�
����������

�

�

� ��� 	
�����	������

�

�

� ��� 	
�����	������

�

�

� ��� 	
��

������

�

�

� ��� 	
��

������

�

�

��� �� 	
��������

�

�

��� �� 	
��������

�

�

���� ��� ���
��

�

�

� 	�� �
��

�

�

��� ��
� �
������

�

�

0.0 0.5

⌘/s = (⌘/s)0

+  ln(T/165)

(η/s)0 κ0.0 3.0

(η/s)0

κ

3.0

0.5

0.0

η/s(T)



What should you expect for η/s at T=165 MeV?

• ADS/CFT:                   0.08 
• Perturbative QCD:  > 0.5 (σ≈ 3 mb) 
• Hadron Gas:             ≈ 0.2 (σ≈ 30 mb)



Extracted η/s at T=165 
MeV consistent with 

expectations for 
hadron gas!
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Does not rise strongly 
in QGP



How does changing ya,exp or σa alter ⟨⟨xi⟩⟩ or ⟨⟨δxiδxj⟩⟩?

E.Sangaline and S.P., arXiv 2015

We need                        NOT
@

@y(exp)a

hhxiii
@

@xi
y(mod)
a

RESOLVING POWER OF OBSERVABLES

From covariances form MCMC trace + linear algebra….



E.Sangaline and S.P.,  PRC 2016

hhxiii =
hxiLi
hLi

@

@y(exp)a

hhxiii = hhxi(@aL)/Lii � hhxiiihh(@aL)/Lii

= hh�xi(@aL)/Lii
= �⌃�1

ab hh�xi�ybii (for Gaussian)

can find similar relation for 
@

@�a
hh�xi�xjii

�xi = xi � hhxiii, �ya = ya � y(exp)a

RESOLVING POWER OF OBSERVABLES



Sensitivity Analysis

δ y
a
δ y

a

1/2 ∂xi
∂ya yb≠a

1
σ a

∂ya
∂xi yb≠a



Sensitivity Analysis

δ y
a
δ y

a

1/2 ∂xi
∂ya yb≠a

η’

η0

v2(LHC)v2(RHIC)



d
dσ y

〈〈δ x1δ x1〉〉 〈〈δ x1δ x2 〉〉
〈〈δ x1δ x2 〉〉 〈〈δ x2δ x2 〉〉

〈δ yδ y〉1/22-Parameter Resolving Power

EoS

Viscosity
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What determines viscosity?
• Both v2 and multiplicities 
• T-dependence comes from LHC v2 

• Lots of  observables 
• Femtoscopic radii are important 

What determines EoS?

Validated collective wisdom of field



CONCLUSIONS

Robust, emulation works splendidly 

Scales well to more parameters & more data 

Eq. of  State and Viscosity can be extracted from 
data 

Eq. of  State consistent with lattice gauge theory 

Extends to other observables: 
diffusivity, jets, Eq. of  state for 𝜇B≠0 

Heavy-Ion Physics can be a Quantitative Science!!!!



Bayesian for Heavy-Ion Physics
Challenges Going Forward

1. Faithful representation of  uncertainty 
— needs discussion 

2. RHIC Beam Energy Scan 
— 3 D, more energies, include fluctuations 
— 1000s x more numerically expensive 

3. Compare/Combine/Choose competing models


