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• Overview of Bayesian methods for EFT
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• Take-away points and adver6sements



Quantum chromodynamics has many EFTs!

[From Iain Stewart]

[From Sebas6an König]
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Ingredients of EFTs that invite Bayesian sta's'cs 
• Choice of degrees of freedom and 

organiza6on (“power coun6ng”)

• Well-defined order-by-order 
construc6on used to predict 
observables ⇒ trunca,on error

• Short distance physics is encoded 
in low-energy constants (LECs) 
that need to be fi/ed

• Expecta,on is that observables 
improve as powers of a small 
parameter (e.g., ra6os of scales) 
that may not be well determined

• Need to validate the EFT and 
provide robust theory error bars
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Bayesian approach: (almost) everything
is a probability density func6on (pdf)!

Use rules of probability to manipulate
Marginalize over nuisance parameters

pr(EFT1 | yexp, I)/pr(EFT2 | yexp, I)

=) evidence ratio given data

pr(cn(x) | ~ck, I) =) pdf of expansion coe�cients

pr(✓ | yexp,⌃exp, I) / pr(yexp | ✓,⌃exp, I) pr(✓ | I)
=) pdf of LECs given data yexp,⌃exp (and ⌃th!)

pr(⇤b | ✓, I) =) pdf of EFT breakdown scale

pr(µ,� | I) =) pdf of hyperparameters
<latexit sha1_base64="XxBw4mB7TxVVxR/FYJF0hqpOiic="></latexit>



Example: chiral EFT expansion for NN observables
How do we apply Bayesian uncertainty quan6fica6on and model checking?
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Generic example of EFT expansion (based on NN analysis)
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Model discrepancy: EFT theory errors

• Sta6s6cal model rela6ng experiment and theory (all are func6ons of x):

• Experimental discrepancy: usually normally distributed, can be correlated
• Theore6cal discrepancy: systema6c, ocen difficult to quan6fy, ocen correlated
• EFTs: specific expecta6ons for theory error
• Theory predic6on at a certain order:

yexp = yth + �yth + �yexp

yk = yref

kX

n=0

cnQ
n + yref

1X

n=k+1

cnQ
n

Theory predic6on at order k

[Q < 1: expansion parameter (e.g., p/Λb)]

Omihed terms from trunca6on

Bayesian: treat the cns as random variables, depending on x; train on cn for n ≤ k
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Model checking:  Does our model refer to reality?
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Use metric to measure GP-ness to test model: Mahalanobis distance

This is what success looks like!
Melendez et al., PRC (2019)
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Model checking:  Does our model refer to reality?

Use metric to measure GP-ness to test assump6on: Mahalanobis distance

This is what failure looks like!
Melendez et al., PRC (2019)
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Model checking:  Does our model refer to reality?

Ok for low orders but a problem at the highest order.
Melendez et al., PRC (2019)
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Model checking:  Do our error bands have sta's'cal meaning?

Melendez et al., PRC (2019)
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What is the breakdown scale of our EFT?
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Symmetry energy  in infinite maQer (preliminary!)
Chris6an Drischler, Jordan Melendez, et al., in prepara6on

NN poten6al: Entem-Machleidt-Nosyk (450 MeV) with fihed 3N LECs

Many interes6ng ques6ons to inves6gate and comparisons to make!
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Parameter es'ma'on: Exploring projected posteriors

• First without the model discrepancy (theory error) term:

• Consider high-enough order so that trunca6on error is small
• Regular least-squares (𝜒2) likelihood 6mes Gaussian prior for natural LECs:

pr(~ak|yexp,⌃exp) / pr(yexp|~ak,⌃exp) pr(~ak)

/ e�
1
2 r

T⌃�1
expr ⇥ e�(~ak)

2/2ā2
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Residual: Discourages large 
LECs (naturalness)

yexp = yth + �yth + �yexp



Projected posteriors as a diagnos'c tool

pr(~a|yexp,⌃exp) / exp

"
�1

2

NdX

i=1

r2i
�2
i

#
⇥ e�(~ak)

2/2ā2
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• Projected posteriors give:
• info on correla6ons
• “best” parameter values
• indica6on of normality

• Uncorrelated and Gaussian
• Also: Comparison to EKM’s 

values from op6miza6on
(need not match!)
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• Irregular structure of posterior
• Nothing necessarily wrong, but a clue

• Here: a physics issue actually explains 
the distorted structure

• Parameter redundancy at N3LO, an 
operator can be eliminated

• True in 3S1-3D1 channel as well

Wesolowski et al., J. Phys. G (2019)

1S0 channel at N3LO
np sector

Projected posteriors as a diagnos'c tool
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• Set            to 0 and use only 3 parameters
• Descrip6on of data s6ll good (and poten6al socer)
• Reinert et al., EPJA (2018) improved poten6al
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1S0 channel at N3LO
np sector

Projected posteriors as a diagnos'c tool

Wesolowski et al., J. Phys. G (2019)



Effect of the prior with less data
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Repeat same problem, vary givens
Wesolowski et al., J. Phys. G (2019)
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<latexit sha1_base64="gnAkHAPMhfBczoQbnAf0JVXGMsU="></latexit><latexit sha1_base64="gnAkHAPMhfBczoQbnAf0JVXGMsU="></latexit><latexit sha1_base64="gnAkHAPMhfBczoQbnAf0JVXGMsU="></latexit><latexit sha1_base64="gnAkHAPMhfBczoQbnAf0JVXGMsU="></latexit>

Less data, prior needed to avoid overfitng

Repeat same problem, vary givens
Wesolowski et al., J. Phys. G (2019)
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Increase range of data, prior has less influence

Repeat same problem, vary givens
Wesolowski et al., J. Phys. G (2019)



Parameter es'ma'on including trunca'on errors

yexp = yth + �yth + �yexp
�yth = yref
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We can put a prior on the unknown higher-order coefficients: cn|c̄ ⇠ N (0, c̄2)
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Just a sum of Gaussian random variables using this prior (which we have validated)

1. Theory error at each kinema6c point (Q) is completely uncorrelated: 

2. Theory error at each kinema6c point (Q) is fully correlated, with same coefficients:
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Two extreme assump'ons about correla'ons



Full posterior pdf including theory error:
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Covariance matrix for assuming uncorrelated Q points:

Covariance matrix assuming fully correlated Q points:

Parameter es'ma'on including trunca'on errors
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Eigenvector Continuation as an E�cient and Accurate Emulator for
Uncertainty Quantification
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First principles calculations of atomic nuclei based on microscopic nuclear forces derived from
chiral e↵ective field theory (EFT) have blossomed in the past years. A key element of such ab initio

studies is the understanding and quantification of systematic and statistical errors arising from the
omission of higher-order terms in the chiral expansion as well as the model calibration. While there
has been significant progress in analyzing theoretical uncertainties for nucleon-nucleon scattering
observables, the generalization to multi-nucleon systems has not been feasible yet due to the high
computational cost of evaluating observables for a large set of low-energy couplings. In this Letter
we show that a new method called eigenvector continuation (EC) can be used for constructing an
e�cient and accurate emulator for nuclear many-body observables, thereby enabling uncertainty
quantification in multi-nucleon systems. On the basis of ab initio calculations for the ground-state
energy and radius in 4He, we demonstrate that EC is more accurate and e�cient compared to
established methods like Gaussian processes.

Introduction In recent years significant progress has
been achieved in the theoretical and algorithmic devel-
opment of sophisticated many-body methods that allow
to study atomic nuclei up to mass number A ' 100 (see,
e.g., Refs. [1–6] and references therein) based on nucleon-
nucleon (NN) and three-nucleon (3N) interactions de-
rived from chiral EFT [7–9]. Given these many-body
advances, the development of novel and more accurate
nuclear interactions is a very active field of research. In
addition to the theoretical work towards understanding
how nuclei emerge from EFTs of the strong interaction,
much e↵ort is spent on the calibration of model param-
eters, e.g., low-energy constants (LECs) in EFT descrip-
tions of nuclear interactions. In principle, calculations
based on such interactions allow for a rigorous quantifi-
cation of theoretical uncertainties stemming both from
the parameter-estimation procedure as well as from trun-
cating the EFT expansion at a given order. A rigorous
uncertainty analysis is certainly possible and requires a
careful determination of relevant covariances [10–12] and
subsequent error propagation in all model predictions.
Recently, Bayesian inference has been identified as a pow-
erful and versatile tool for statistical analysis of EFTs,
see for example Refs. [13–20].

Both parameter estimation and the calculation of pos-
terior probability distributions for nuclear EFT or model
predictions typically require extensive numerical sam-
pling in a high-dimensional parameter space. Except
for the simple two-nucleon sector, repeated calculation
of nuclear many-body observables quickly becomes pro-
hibitively expensive to allow for sample sizes su�ciently
large to be meaningful. Yet, there are clear indications
that many-body observables contain useful information
for calibrating nuclear forces. For example, a fit of LECs

to nuclear data including binding energies and radii of
selected oxygen and carbon isotopes [21] showed that ex-
ploiting the information content of complex observables
is phenomenologically important. In a similar spirit, in-
put from ↵-↵ scattering data has been used to constrain
two-nucleon forces [22, 23]. In addition, it is clear that
at least three-nucleon forces are necessary for an accu-
rate theoretical description of nuclear systems based on
EFT interactions. The LECs that enter for multi-nucleon
forces need to be determined using calculations of light
nuclei (typically A = 3, 4 are used), and already such cal-
culations can incur a significant computational cost when
a large number of them is needed.

This significant computational cost highlights the im-
portance of developing fast and accurate methods that
make it possible to sample large parameter spaces using
emulators, i.e., calculations that sacrifice the accuracy of
an exact calculation for a significant gain in speed. The
simplest such method, polynomial interpolation between
a set of points within the parameter space, is usually not
a viable option for a lack of both accuracy and e�ciency.
Gaussian processes [24] are useful for leveraging expen-
sive statistical analyses in nuclear theory [20, 25]. As a
machine-learning method they can be advantageous for
systematically exploring large parameter spaces and by
design provide uncertainties of the emulator output, but
like polynomials they are still limited to interpolation
within a set of training data and cannot be used for reli-
able extrapolations. In this Letter, we explore eigenvec-
tor continuation (EC), introduced in Ref. [26], as an alter-
native to overcome this limitation. We find that EC per-
forms accurate extrapolations in multi-dimensional pa-
rameter domains even to points far outside the training
data set used to construct the emulator, and that it pro-
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But won’t all of these Bayesian sampling calcula'ons take too long?
Global sensitivity analysis of bulk properties of an atomic nucleus
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2
Physics Division, Oak Ridge National Laboratory, Oak Ridge, TN 37831, USA

3
Department of Physics and Astronomy, University of Tennessee, Knoxville, TN 37996, USA

(Dated: October 8, 2019)

We perform a global sensitivity analysis of the binding energy and the charge radius of the nucleus
16O to identify the most influential low-energy constants in the next-to-next-to-leading order chiral
Hamiltonian with two- and three-nucleon forces. For this purpose we develop a subspace-projected
coupled-cluster method using eigenvector continuation [Frame D. et al., Phys. Rev. Lett. 121,
032501 (2018)]. With this method we compute the binding energy and charge radius of 16O at more
than one million di↵erent values of the 16 low-energy constants in one hour on a standard laptop. For
relatively small subspace projections, the root-mean-square error is about 1% compared to full space
coupled-cluster results. We find that 58(1)% of the variance in the energy can be apportioned to a
single contact-term in the 3S1-wave, whereas the radius depends sensitively on several low-energy
constants and their higher-order correlations. The results identify the most important parameters
for describing nuclear saturation, and help prioritize e↵orts for uncertainty reduction of theoretical
predictions. The achieved acceleration opens up for an array of computational statistics analyses of
the underlying description of the strong nuclear interaction in nuclei across the Segré chart.

Introduction.- How do properties of atomic nuclei de-
pend on the underlying interaction between protons and
neutrons? Recent ab initio computations of nuclei [1–
16] have revealed that observables such as binding ener-
gies, radii, spectra, and decay probabilities are very sen-
sitive to the values of the low-energy constants (LECs) in
chiral Hamiltonian models with two- and three-nucleon
forces [17–19]. Certain interaction models work better
than others, but only for selected types of observables
and in limited regions of the Segré chart. It is not clear
why. The NNLOsat interaction [20] reproduces experi-
mental binding energies and charge radii for nuclei up to
mass A ⇠ 50 [4, 5, 9, 16], while the 1.8/2.0 (EM) inter-
action [21, 22] reproduces binding energies and low-lying
energy spectra up to mass A ⇠ 100 [4, 7, 8, 10, 12, 15]
while radii are underestimated.

To improve theoretical predictions requires rigorous
uncertainty quantification and sensitivity analyses that
are grounded in the description of the underlying nu-
clear Hamiltonian. Unfortunately, the number of model
samples required for statistical computing increases ex-
ponentially with the number of uncertain LECs. A global
sensitivity analysis of the ground-state energy and charge
radius 16O, based on a realistic next-to-next-to-leading
order (NNLO) chiral Hamiltonian with 16 LECs, requires
more than one million model evaluations. Similar num-
bers can be expected for Markov Chain Monte Carlo
sampling of Bayesian marginalization end evidence in-
tegrals [23–25]. Clearly, this is not feasible given the
computational cost of existing state-of-the-art ab initio
many-body methods applied to medium-mass and heavy
nuclei.

In this Letter we solve this problem by utilizing eigen-
vector continuation [26] to develop a subspace-projected
coupled-cluster (SP-CC) method as a fast and accurate

approximation to the corresponding full-space coupled-
cluster (CC) method [27–33]. The SP-CC method gener-
alizes the eigenvector-continuation formalism in Ref. [34]
to non-Hermitian problems and enables accelerated com-
putation of nuclear observables across the Segré chart
for any target value ~↵} of the LECs in the underlying
Hamiltonian. See Fig. 1 for a demonstration of the SP-
CC method applied to 16O and the variation of a single
LEC (details are given below). We will use SP-CC to an-
alyze the description of the 16O ground-state energy and
charge radius across a large domain of relevant LECs.
This way we can for the first time clearly identify the
LECs that have the biggest impact on binding energy
and radius predictions, which in turn impacts saturation
properties of nuclear matter [8, 35, 36].

Method.– Following Ref. [34] we start by represent-
ing the chiral Hamiltonian at NNLO H(~↵) as a lin-
ear combination with respect to all the LECs ~↵; i.e.
H(~↵) =

PNLECs=16
i=0 ↵ihi, with the zeroth term given by

h0 = tkin + V0 and ↵0 = 1. Here tkin is the intrinsic
kinetic energy and V0 denotes a constant potential term.
The analytical form of the NNLO Hamiltonian is iden-
tical to the one of NNLOsat [20], which means that for
a particular value ~↵ = ~↵? the Hamiltonian H(~↵?) will
reproduce the binding energy and radius predictions of
NNLOsat. The SP-CC Hamiltonian for a target value
~↵ = ~↵} is constructed by projecting H(~↵}) onto the
subspace spanned by CC wavefunctions obtained at Nsub

di↵erent values for ~↵. SP-CC is a controlled approxima-
tion to the full-space CC method, and allows for rapid
and accurate solutions to the many-nucleon problem nec-
essary for statistical computing. In this Letter we use the
CC method in the singles- and doubles approximation
(CCSD).

The workhorse of the CC method is the similar-
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Snapshots of Bayesian methods for EFT
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV along with the estimated truncation error (68% DoB) shown by the light-shaded band. Right panel: the same
form factors divided by the scaling functions as defined in the text. For remaining notation see Fig. 3.
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FIG. 6. (Color online) Residual cuto↵ dependence of the deuteron charge (left panel) and quadrupole (right panel) FFs at
N4LO. Light-shaded bands correspond to the cuto↵ variation in the range of ⇤ = 400 . . . 550 MeV. For remaining notation see
Fig. 3.

Truncation error band from Bayesian analysis: 68% DoB, ⇤b = 600MeV
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Furnstahl et al.´15

Preliminary

Form factors of deuteron with consistent chiral EFT current operators
Hermann Krebs and Evgeny Epelbaum (from HK talk at INT, July 2019)

hhp://www.lenpic.org/

• A major advantage of EFT: 
consistent current operators

• Here: new developments by 
HK and EE for chiral EFT

• Colored band is 68% Bayes 
credible interval for 
trunca6on error from 
convergence pahern

http://www.lenpic.org/


See also Coello Pérez, Menéndez, Schwenk, PRC (2018);
Chen, Kaiser, Meissner, Meng, EPJA (2017), PRC (2018) 

EFT for nuclear vibra'ons with quan'fied uncertain'es
E. A. Coello Pérez and Thomas Papenbrock, PRC (2015, 2016)EFT for nuclear vibrations

EFT for nuclear vibrations
[Coello Pérez & TP 2015, 2016] 

Spectrum and B(E2) transitions of 
the harmonic quadrupole oscillator

Challenge: While spectra of certain 
nuclei appear to be harmonic, B(E2) 
transitions do not.

Garrett & Wood (2010): “Where are 
the quadrupole vibrations in atomic 
nuclei?”   

Bohr Hamiltonian,
IBM, …

Collec6ve and algebraic models have long been used to 
describe data in heavy nuclei.  Some models “fail” to 
describe data.  But: How does one really know in the 
absence of theore6cal uncertain6es?
Here: EFT trunca6on errors from convergence pahern.

“The systema6c improvement inherent to EFT approaches is evident.”



EFT + Bayes for nuclear reac6ons: #He( α, γ)+Be

• “Supermodel”: project exis6ng models 
into EFT space->marginalize EFT params

• Some LECs for poten6al models are not 
preferred by data (analysis enabled by 
EFT); data prefer natural values in 
agreement with ab ini6o calcula6ons

• Analysis: first realized that capture data 
constrains scahering parameters

• Analysis: measuring cross-sec6on 
anisotropy can reduce low-energy   
cross sec6on’s error bar

Xilin Zhang, Ken Nolleh, Daniel Phillips, arXiv:1909.07287
See also PRC (2015) on +Be(p, γ).B



Nested sampling: ln
P (MA | D,H)

P (MB | D,H)
⇡ 31.6± 0.9 ln

P (MA | D⇤
, H)

P (MB | D⇤, H)
⇡ 0.2± 0.8
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Bayesian analysis

!9

P (✓|D, I) =
P (D|✓, I)P (✓|I)

P (D|I)posterior PDF:

prior PDF: P (✓|I) EFT expectations/bias

likelihood PDF:

evidence: P (D|I) =
Z
[d✓]P (D|✓, I)P (✓|I)

— harder to calculate  
— not needed for parameter estimation 
— needed to compare models

P (M1|D, I)

P (M2|D, I)
=

P (M1|I)
P (M2|I)

⇥ P (D|M1, I)

P (D|M2, I)
Models:

bias goes here

P (D|✓, I) / exp(�1

2
�2), �2 =

NX

i=1

[Di � µi(✓)]2

�2
i

Bayesian model selec'on: Two compe'ng EFT power coun'ngs
Pradeepa Premarathna and Gautam Rupak; arXiv:1906.04143 

Application to 3He(α, γ)7Be in Halo EFT 
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Fits to capture in region II Ecm  2000 keV 

We also have fits in region I Ecm  1000 keV

≲
≲

Nested sampling
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Fits to capture in region II Ecm  2000 keV 

We also have fits in region I Ecm  1000 keV
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Take-away Points

• Bayesian sta6s6cs is an ideal framework for EFT 
uncertainty quan6fica6on.

• Theory discrepancy model based on convergence 
pahern and naturalness priors;  GP trunca6on error 
model accounts for correla6ons; 𝚲b es6mates.

• Model checking is an essen6al part of Bayesian UQ.
• Parameter es6ma6on with LEC priors and model 

discrepancy minimizes dependence on how much data 
is used; posterior diagnos6cs point to physics issues.

• Need to sample for parameter es6ma6on and the 
propaga6on of uncertain6es:  Eigenvector con6nua6on 
is very promising solu6on to computa6onal load!

• Model selec6on is a fron6er for EFT Bayesian sta6s6cs.
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Unacceptable to publish 
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without errors!

Theory: what does this 
mean? Consistent or not?
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BUQEYE Collabora'on (“Bayesian Uncertainty Quan6fica6on: Errors for Your EFT”)

Correlated trunca6on errors in effec6ve field theory: The code behind the manuscript. 
This Jupyter notebook provides the Python code to reproduce all of the plots from 
Melendez et al., Phys. Rev. C 100, 044001 (2019), arXiv:1904.10581.

gsum: A Bayesian model of series convergence using Gaussian sums. 
The gsum package provides convenient classes that allow one to analyze the 
convergence pahern of Effec6ve Field Theory (EFT) observables. Specifically, this is a 
conjugacy-based implementa6on of the sta6s6cal model described in arXiv:1904.10581.

hQps://buqeye.github.io

https://github.com/buqeye/gsum/blob/master/docs/notebooks/correlated_EFT_publication.ipynb
https://arxiv.org/abs/1904.10581
https://buqeye.github.io/gsum
https://arxiv.org/abs/1904.10581
https://buqeye.github.io/


Two ar6cles already published!
Please consider contribu6ng!

Journal of Physics G Special Focus Issue

Focus on further enhancing the interac6on between nuclear 
experiment and theory through informa6on and sta6s6cs (ISNET 2.0)

Guest Editors
Dick Furnstahl  Ohio State University
David Ireland  University of Glasgow
Daniel Philips  Ohio University

“Following on from the hugely successful first edi6on in 2015, Journal of Physics G: 
Nuclear and Par6cle Physics is delighted to announce a second focus issue inspired by 
the ISNET workshops (Informa6on and Sta6s6cs in Nuclear Experiment and Theory.”

hhps://iopscience.iop.org/journal/0954-3899/page/ISNET2



TALENT: Training in Advanced Low-Energy Nuclear Theory
The TALENT ini6a6ve aims at providing advanced training to graduate students and young researchers 
in low-energy nuclear theory.  TALENT offers intensive three-week courses on a rota6ng set of topics.

TALENT courses scheduled for 2020 (see hQp://nucleartalent.org for more info):
• Atomic Nuclei as Open Quantum Systems: Unifying Nuclear Structure and Reac'ons will be held 

at the INT in Seahle, WA from June 22 to July 10, 2020. 
Contact: Chris6an Forssén (chris6an.forssen@chalmers.se).

• Density Func'onal Theory and Self-Consistent Methods will be held at LBNL, in Berkeley, CA.  
The (tenta6ve) dates are July 6 to July 24, 2020.  Contact: Nicolas Schunck (schunck1@llnl.gov).

• Machine Learning and Data Analysis for Nuclear Physics will be held at the ECT* in Trento, Italy. 
The (tenta6ve) dates are June 29 to July 17, 2020.  Contact: Morten Hjorth-Jensen 
(hjensen@msu.edu).

Bayes2019. Learning from Data: Bayesian Methods and Machine Learning,
at the University of York, UK, June 10-28, 2019.  See the github site for many Jupyter
notebooks and lecture notes:  hhps://nucleartalent.github.io/Bayes2019/

http://nucleartalent.org/
https://nucleartalent.github.io/Bayes2019/

